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Practice CS103 Midterm Exam II

This practice exam is closed-book and closed-computer but open-note. You may have a double-
sided, 8.5” × 11” sheet of notes with you when you take this exam. Please hand-write all of your
solutions on this physical copy of the exam.

On the actual exam, there'd be space here for you to write your name and sign a
statement saying you abide by the Honor Code. We're not collecting or grading this
exam (though you're welcome to step outside and chat with us about it when you're
done!) and this exam doesn't provide any extra credit, so we've opted to skip that
boilerplate.

You have three hours to complete this practice midterm. There are 24 total points. This practice
midterm is purely optional and will not directly impact your grade in CS103, but we hope that you
find it to be a useful way to prepare for the exam. You may find it useful to read through all the
questions to get a sense of what this practice midterm contains before you begin.

Question Points Grader

(1) Functions and Relations (6) / 6

(2) The Pigeonhole Principle (6) / 6

(3) Regular Languages (6) / 6

(4) Nonregular Languages (6) / 6

(24) / 24

Best of luck on the exam!



2 / 8

Problem One: Functions and Relations (6 Points)
Let A and B be arbitrary sets and let ≤B be an arbitrary partial order over B. Suppose that we pick
an injective function f : A → B. We can then define a relation ≤A over A as follows: for any x, y ∈ A,
we say that x ≤A y if f(x) ≤B f(y).

i. (4 Points) Prove that ≤A is a partial order over A.
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ii. (2 Points) Are there any binary relations over ℕ that are both equivalence relations and to-
tal orders? If so, give an example of one and prove why it is both an equivalence relation
and a total order. If not, prove why not.
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Problem Two: The Pigeonhole Principle (6 Points)
A k-clique is an undirected graph in which there's an edge between all pairs of distinct nodes. For
example, here's a 4-clique and a 5-clique:

In Problem Set Four, you proved that any group of 6 people must have a group of three mutual ac-
quaintances, a group of three mutual strangers, or both. It's possible to rephrase this in graph-theo-
retic terms. Suppose you take a 6-clique and color each edge red or blue. The result you proved is
equivalent to the following:

Theorem: In a 6-clique where each edge is colored either red or blue, there exists a
blue triangle or a red triangle (or both).

Here, a “blue triangle” refers to a collection of three nodes joined together by blue edges and a “red
triangle” refers to a collection of three nodes joined together by red edges. To see why this is equiv-
alent to the original problem, take any group of six people. Draw a blue edge between each pair of
acquaintances and a red edge between each pair of strangers. Now, a group of “three mutual ac-
quaintances” is a blue triangle and a group of “three mutual strangers” is a red triangle.

Suppose you have a 17-clique (that is, an undirected graph with 17 nodes where there's an edge be-
tween each pair of nodes) where each edge is colored one of three different colors (say, red, green,
and blue). Prove that regardless of how the 17-clique is colored, it must contain a blue triangle, a
red triangle, or a green triangle.

(Hint: As with the question on Problem Set Four, start off by choosing some node in the graph and
looking at the colors of the edges it's connected to. We strongly recommend using the above theorem,
which you've already proven in Problem Set Four, in your proof.)

Feel free to tear this page out of the practice exam, and write your answer on the next page.
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Write your answer to Problem Two here.
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Problem Three: Regular Languages (6 Points)
The number of characters in a regular expression is defined to be the total number of symbols used
to write out the regular expression. For example, (a|b)* is a six-character regular expression, and
ab is a two-character regular expression.

Let Σ = {a, b}.  Find examples of all of the following:

• A regular language over Σ with a one-state NFA but no one-state DFA.

• A regular language over Σ with a one-state DFA but no one-character regular expression.

• A regular language over Σ with a one-character regular expression but no one-state NFA.

Prove that all of your examples have the required properties.
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Problem Four: Nonregular Languages (6 Points)
One of the first languages we proved wasn't a regular language was the language { anbn |  n ∈ ℕ }
over the alphabet Σ = {a, b}.

i. (3 Points) Let  L be any subset of {  anbn |  n ∈ ℕ } that contains infinitely many strings.
Prove that L is not a regular language.
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Let Σ = {a, b, c} and consider the following language over Σ:

L = { arbsct | r, s, t ∈ ℕ and r = s or r = t }

(Note that the “or” here is an inclusive or.)

ii. (3 Points) Write a context-free grammar for L.


